Scalable quantum computing with Josephson charge qubits 
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A goal of quantum information technology is to control the quantum state of a system, including 
its preparation, manipulation, and measurement. However, scalability to many qubits and controlled 
connectivity between any selected qubits are two of the major stumbling blocks to achieve quantum 
computing (QC). Here we propose an experimental method, using Josephson charge qubits, to 
efficiently solve these two central problems. The proposed QC architecture is scalable since any 
two charge qubits can be effectively coupled by an experimentally accessible inductance. More 
importantly, we formulate an efficient and realizable QC scheme that requires only one (instead of 
two or more) two-bit operation to implement conditional gates. 

PACS numbers: 03.67.Lx, 74.50.+r, 85.25.Cp 



The macroscopic quantum effects in low-capacitance 
Josephson-j unction circuits have recently been used to 
realize qubits for quantum information processing, and 
these qubits are expected to be scalable to large- 
scale circuits using modern microfabrication techniques. 
Josephson-qubit devices Q are based on the charge and 
phase degrees of freedom. The charge qubit is achieved 
in a Cooper-pair box 0, where two dominant charge 
states are coupled through coherent Cooper-pair tun- 
neling [3j, while the phase qubit is based on two dif- 
ferent flux states in a small superconducting-quantum- 
interference-device (SQUID) loop 0, 0- Experimen- 
tally, the energy-level splitting and the related proper- 
ties of state superpositions were observed via Cooper-pair 
tunneling in the Josephson charge device 0, 0] and by 
spectroscopic measurements for the Josephson phase de- 
vice 00. Moreover, coherent oscillations were demon- 
strated in a Josephson charge device prepared in a super- 
position of two charge states . These striking experi- 
mental observations reveal that the Josephson charge and 
phase devices are suitable for solid-state qubits in quan- 
tum information processing. The next immediate chal- 
lenge would include implementing a two-bit coupling and 
then scaling up the architecture to many qubits. Here, we 
focus on the Josephson charge qubit realized in a Cooper- 
pair box and propose a new quantum-computing (QC) 
scheme based on scalable charge-qubit structures. 

A straightforward way of coupling Josephson charge 
qubits is to use the Coulomb interactions between charges 
on different islands of the charge qubits (e.g., to connect 
two Cooper-pair boxes via a capacitor). A two-bit opera- 
tion ^(J , similar to the controlled-NOT gate, was derived 
using this interbit coupling; but it is hard to switch the 
coupling on and off in this scheme as well as to make 
the system scalable because only neighboring qubits can 
be coupled. A scalable way of coupling Josephson charge 
qubits was proposed 00 in terms of the oscillator modes 



in a LC circuit formed by an inductance and the qubit 
capacitors. In this design, the interbit coupling is switch- 
able and any two charge qubits can be coupled. However, 
there is no efficient (i.e., using one two-bit operation) 
QC scheme for this design to achieve conditional 
gates such as the controlled-phase-shift and controlled- 
NOT gates. Moreover, the calculated interbit coupling 
terms 0, only apply to the case when two conditions 
are met: (i) the eigenfrequency lolc of the LC circuit is 
much faster than the quantum manipulation frequencies 
(which limits the allowed number N of the qubits in the 
circuit because lolc scales with l/\/~N) and (ii) the phase 
conjugate to the total charge on the qubit capacitors fluc- 
tuates weakly. These two limitations do not apply to our 
approach. In our proposal, a common inductance (but 
no LC circuit) is used to couple all Josephson charge 
qubits. In our scheme, both dc and ac supercurrents can 
flow through the inductance, while in [ij, yj only ac su- 
percurrents can flow through the inductance and it is the 
LC-oscillator mode that couples the charge qubits. These 
yield different interbit couplings (e.g., a y a y type 00 as 
opposed to o~ x o~ x in our scheme). To have a controllable 
interbit coupling, we employ two dc SQUIDs to connect 
each Cooper-pair box. Our proposed QC architecture is 
scalable in the sense that any two charge qubits (not 
necessarily neighbors) can be effectively coupled by an 
experimentally accessible inductance. More importantly, 
we formulate an efficient QC scheme that requires only 
one (instead of two or more) two-bit operation to imple- 
ment conditional gates. To our knowledge, this is the first 
efficient scalable QC scheme for this type of architecture. 

The proposed quantum computer consists of N 
Cooper-pair boxes coupled by a common superconduct- 
ing inductance L (see Fig. 1). For the kth Cooper-pair 
box, a superconducting island with charge Qk — 2enk is 
weakly coupled by two symmetric dc SQUIDs and biased 
by an applied voltage Vxk through a gate capacitance GV 
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FIG. 1: Schematic diagram of the proposed scalable and 
switchable quantum computer. All Josephson charge-qubit 
structures are coupled by a common superconducting in- 
ductance. Here, each Cooper-pair box is operated both in 
the charging regime E ck S> Ej k and at low temperatures 
ksT <C E c k- Moreover, the superconducting gap is larger 
than E c k, so that quasiparticle tunneling is prohibited in the 
system. 



The two symmetric dc SQUIDs are assumed to be iden- 
tical and all Josephson junctions in them have Joseph- 
son coupling energy E° Jk and capacitance Cj k - Each 
SQUID pierced by a magnetic flux $>xk provides an ef- 
fective coupling energy given by -E Jk ($xk) cos0 fcA(B) ; 
with E Jk ($xk) = 1E° Jk cos(7T$ X /c/$o), and <J> = h/2e is 
the flux quantum. The effective phase drop 4>kA(B), with 
subscript A(B) labelling the SQUID above (below) the 
island, equals the average value, \4 > kA(B) + ^&A(b)]/2j 01 
the phase drops across the two Josephson junctions in the 
dc SQUID; where the superscript L (R) denotes the left 
(right) Josephson junction. Since the size of the loop is 
usually very small (~ 1 /im), above we have ignored the 
self-inductance effects of each SQUID loop. The Hamil- 
tonian of the system is H — X^fcli ^k + 1 with Hk 
given by H k = E ck (n k - n xk ) 2 - E Jk ($xk){cos(f>kA + 
cos^fes). Here, E ck = 2e 2 /(C k + AC Jk ) is the charging 



energy of the superconducting island and I — Y2k=i ^ k 
is the total persistent current through the superconduct- 
ing inductance, as contributed by all coupled Cooper-pair 
boxes. The offset charge 2enx k — GkVxk is induced by 
the gate voltage Vxk- The phase drops <fi kA and 4> kB 
are related to the total flux <f> = <f> e + LI through the 
inductance L by the constraint <^ B — <f) kA — 27r$/$o, 
where $ e is the externally applied magnetic flux thread- 
ing the inductance L. Without loss of generality and in 
order to implement QC more conveniently, the magnetic 
fluxes through the two SQUID loops of each Cooper-pair 
box are designed to have the same values but opposite 
directions; this simplifies the form of the Hamiltonian. 
(If this were not to be the case, the interbit coupling can 
still be realized, but the Hamiltonian of the qubit circuits 
takes a more complicated form.) Because this pair of 
fluxes cancel each other in any loop enclosing them, then 
§kB ~~ ^kA = ^kB ~ ^£4 ■ This gives rise to the constraint 
4>kB — <fikA = 27r<f>/(f>o for the average phase drops across 
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FIG. 2: (a) One-bit circuit with a Cooper-pair box connected 
to the inductance, (b) Two-bit structure where two Cooper- 
pair boxes are commonly connected to the inductance. Here, 
each SQUID connecting the superconducting island is repre- 
sented by an effective Josephson junction. 



the Josephson junctions in the SQUIDs. The common 
superconducting inductance L plays the role of coupling 
Cooper-pair boxes. The coupling of selected Cooper-pair 
boxes can be implemented by switching on the SQUIDs 
connected to the chosen Cooper-pair boxes, and the per- 
sistent currents through the inductance L are composed 
of contributions from all the coupled Cooper-pair boxes. 

One- and two-bit circuits. — For any given Cooper- 
pair box, say i, when $xfc = an d Vx k = {2n k + 
l)e/C k for all boxes except k = i, the inductance L only 
connects the zth Cooper-pair box to form a superconduct- 
ing loop [see Fig. 2(a)]. The Hamiltonian of the system 
can be reduced to na 



H = Zi{Vxi) of - Eji(<Z>xi, * B ,L) a 



X ' 



(1) 



where £i(Vxi) is controllable via the gate voltage Vxi, 
while the intrabit coupling Eji(&xi,®e,L) can be con- 
trolled by both the applied external flux <!> e through the 
common inductance, and the local flux <&xi through the 
two SQUID loops of the i-th Cooper-pair box. The in- 
trabit coupling Eji in (1) is different from that in 0,0 
because a very different contribution by L is considered. 
To couple any two Cooper-pair boxes, say i and j, we 
choose ®xk = an d Vxk — (^ n k + l)e/Cfc for all 
boxes except k = i and j. As shown in Fig. 2(b), the in- 
ductance L is shared by the Cooper-pair boxes i and j to 
form superconducting loops. The reduced Hamiltonian 
of the system is given by [l^J 

h= £ [s k {Vxk) 4 k) - Ej k 4 fe) ] + Hii (2) 

k=i,j 

Here the interbit coupling is controlled by both the 
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external flux <I> e through the inductance L, and the local 
fluxes, &xi and &xj, through the SQUID loops. 

Quantum computing. — The quantum system evolves 
according to U(t) = exp(—iHt/h). Initially, we choose 
&Xk — and Vxk = (2^ + l)e/Ck for all boxes in 
Fig. 1, so that the Hamiltonian of the system is H = 
and no time evolution occurs. Afterwards, we switch 
certain fluxes &xk and/or gate voltages Vxk away from 
the above initial values for certain periods of times, to 
implement logic gates required for QC. For any two 
Cooper-pair boxes, say i and j, when fluxes <&xi and 
$Xj are switched away from the initial value <E>o/2 for 
a given period of time r, the Hamiltonian of the sys- 
tem becomes H = -Eji<r$ - Ejjar + n^-cri'V^. 
This anisotropic Hamiltonian is Ising-like |l4| . with its 
anisotropic direction and the "magnetic" field along the 
x axis. When the parameters are suitably chosen so that 
Eji — Ejj = Tiij = —ttH/At for the switching time r, we 
obtain a controlled-phase-shift gate: Uq PS = e l7r / 4 f72h = 
exp |*f [1 — ci 1 ' — Ox^ + cr^cri^]|, which does not alter 

the two-bit states and but 

transforms |— )j to — |— ),|— )j. Here, the phase factor 
e i7r/4 corresponds to an overal energy shift of the Hamil- 
tonian, and |±) are defined by |±) = (|t> ± ||))/\/2. 

To obtain the controlled-phase-shift gate Uqps f° r the 
basis states | T>* j t)j, I T)»| i)j, I t)i, and | 
one needs to combine Uq PS with suitable one-bit rota- 
tions. For any Cooper-pair box, say i, one can shift 
flux $xi and/or gate voltage Vxi for a given switch- 
ing time r to derive one-bit rotations. A universal set 
of one-bit gates uf 1 (a) = e iaa * ) , and C/| l) (/3) = e i&a *\ 
where a — ~Si(Vxi)T /% and (3 = Ejir/h, can be de- 
fined by choosing Eji = and £i(Vxi) = (which 
can be done with suitable choices of $xi and Vxi) in 
the one-bit Hamiltonian (1), respectively. Any one-bit 
rotation can be derived in terms of these two types of 
one-bit gates. For instance, the Hadamard gate is given 
by U t = e-Watf«(|)tf«(2)tfW(»). Using H t , we 
derive the controlled-phase-shift gate Uqps- Uqps = 
HfalU^psHiHj. The one-bit rotation Vj = e J7r(T " )/4 

is given by Vj = f/i j) (-f )u£\\ )TjjP{\ ). Combin- 
ing Vj with C/cpS: we obtain the controlled-NOT gate: 
C^cnot = Vj UcpsVj , which transforms the basis states 

as | T><l ih — I T)i| T)i, I ih\ l)j — I T)i| ih, 

I T)j — I and I l)j — > I T)j. a 

sequence of such conditional two-bit gates supplemented 
with one-bit rotations constitute a universal element for 
QC ^3 . Usually, a two-bit operation is much slower than 
a one-bit operation. Our designs for conditional gates 
Uqps and C/qnot are efficient since orziy one (instead of 
two or more) two-bit operation U' cvs is used. 

Persistent currents and entanglement. — The one- 
bit circuit modeled by Hamiltonian (1) has two eigen- 
values E ( l ] = ±Ei, with E t = [s 2 {V Xi ) + ^jj 1/2 - 



The corresponding eigenstates are \ip}l ) = cos£i| | 
)i - sin£i| and |r/>_ ) = sin^| f)i + cos&| J,),, 

where £j = | tan (.Ejj/s:,-). At these two eigenstates, 
the persistent currents through the inductance L are 
given by (^Vl^±) = ±(E Ji I ci /E i ) sin(7r$ e /$o) + 
(7rX7^/2$o) sin(27r$ e /$o), where the expansion in 7 is 
retained up to the linear term in 77$. When a dc SQUID 
magnetometer is inductively coupled to the inductance L, 
these two supercurrents generate different fluxes through 
the SQUID loop of the magnetometer and the quantum- 
state information of the one-bit structure can be obtained 
from the measurements. To perform sensitive measure- 
ments with weak dephasing, one could use the under- 
damped dc SQUID magnetometer designed previously 
for the Josephson phase qubit 0, • 

For the two-bit structure described by Eq. (2), the 
Hamiltonian has four eigenstates and the supercurrents 
through inductance L take different values at these 
states. The fluxes produced by the supercurrents through 
L can also be detected by the dc SQUID magnetometer. 
For instance, when Sk(Vxk) = and Ejk > for k = i 
and j, the four eigenstates of the two-bit structure are 
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When expansions in I t and are retained up to the lin- 
ear terms in r\i and r\j, the corresponding supercurrents 
through inductance L are (k\I\k) = Ik sin(7r(f> e /<i>o) + 
(7rLJ|/2$o)sin(27r$ e /$ ) for fc = 1 to 4, where Ji = 
-(/ci + 7 CJ ), X 2 = 7 CJ - - I ci , 1 3 = I cl - I cj , and 
I4 = 7 C i + I C j. These supercurrents produce different 
fluxes threading the SQUID loop of the magnetometer 
and can be distinguished by dc SQUID measurements. 
If the two-bit system is prepared at the maximally en- 
tangled Bell states |tf<±>) = (|T)i|i)j±|i>i| T)j)/v^, the 
supercurrents through L are given by ("J/W |/|\E , ( ± ^ ) ) = 
(7ri/2$ )(7ci ± Icj) 2 sin(27r$ e /<i>o). These two states 
should be distinguishable by detecting the fluxes (gen- 
erated by the supercurrents) through the SQUID loop of 
the magnetometer. 

Discussion. — The typical switching time during 
a one-bit operation is of the order h/Ej. For the experi- 
mental value of Ej ~ 100 mK, there is ~ 0.1 ns. The 
switching time t*- 2 -* for the two-bit operation is typically 
of the order {%/ L){<£ a /irE°j) 2 . Choosing E° } - 100 mK 
and t( 2 ) ~ IOt^ 1 ^ (i.e., ten times slower than the one-bit 
rotation), we have L ~ 30 nH in our proposal, which is 
experimentally accessible. A small-size inductance with 
this value can be made with Josephson junctions. Our 
expansion parameter 77 is of the order ir 2 LEj/&Q ~ 0.1. 
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Our inductance L is related with the inductance L' in 
0, i by V = (Cj/C qb ) 2 L. Let us now consider the 
case when ~ IOtW. For the earlier design 
Cj ~ HCqfc since C g /Cj ~ 0.1, which requires the in- 
ductance ~ 3.6 /iH. Such a large inductance is difficult to 
fabricate at nanometer scales. In the improved design 
Cj ~ 2C 9 fc, greatly reducing the inductance to ~ 120 nH. 
This inductance is about four times larger than the one 
used in our scheme. 

All charge qubits suffer decoherence due to the fluctu- 
ations of voltage sources and fluxes. Ref. Q shows that 
the gate voltage fluctuations play the dominant role in 
producing decoherence. The estimated dephasing time is 
t v ~ 10~ 4 s, allowing in principle 10 6 coherent single-bit 
manipulations. When a probe junction is used for mea- 
surements, the experimental observations of coherent os- 
cillations in the Josephson charge qubits show that the 
phase coherence time is only about 2 ns 0, 0] . In this 
experimental setup, background charge fluctuations and 
the probe-junction measurement may be two of the ma- 
jor factors in producing decoherences. Though the charge 
fluctuations are important only in the low- frequency re- 
gion and can be reduced by the echo technique 16] and by 
shifting the gate voltage to the degeneracy point, an ef- 
fective technique for suppressing charge fluctuations still 
needs to be explored. As for the measurement, it has also 
been a challenge to design effective detecting devices. 

In conclusion, we propose a scalable quantum computer 
with Josephson charge qubits. We employ a common in- 
ductance to couple all charge qubits and design switch- 
able interbit couplings using two dc SQUIDs to connect 
the island in each Cooper-pair box. The proposed QC 
architectures are scalable since any two charge qubits 
can be effectively coupled by an experimentally acces- 
sible inductance. Furthermore, we formulate an efficient 
QC scheme in which only one two-bit operation is used in 
the conditional transformations such as controlled-phase- 
shift and controlled-NOT gates. 

We thank Yu. Pashkin for useful discussions. We ac- 
knowledge support from the US ARDA, AFOSR, and the 
US National Science Foundation grant No. EIA-0130383. 



* Corresponding author (Email: nori@umich.edu). 
' Permanent address. 

[1] See, e.g., Y. Makhlin, G. Schon, and A. Shnirman, 
Rev. Mod. Phys. 73, 357 (2001), and references therein. 

[2] Y. Nakamura, Yu. A. Pashkin, and J.S. Tsai, Nature 
(London) 398, 786 (1999). 

[3] Y. Makhlin, G. Schon, and A. Shnirman, Nature (Lon- 
don) 398, 305 (1999). 

[4] J.E. Mooij et al, Science 285, 1036 (1999). 

[5] T.P. Orlando et al, Phys. Rev. B 60 15398 (1999). 

[6] Y. Nakamura, CD. Chen, and J.S. Tsai, Phys. Rev. 
Lett. 79, 2328 (1997). 

[7] V. Bouchiat et al, Phys. Scripta T76, 165 (1998). 

[8] C.H. van der Wal et al, Science 290, 773 (2000). 



[9] JR. Friedman et al, Nature (London) 406, 43 (2000). 
[10] F. Plastina, R. Fazio, and G.M. Palma, Phys. Rev. B 64, 
113306 (2001). 

[11] The Hamiltonian of the one-bit circuit shown in Fig. 2(a) 
is H = Hi + ^Llf, with Hi = E ci (ni - n Xi ) 2 - 
2Eji($xi) cos(7r"l>/<l?o) cos tfii. Here, the phase tpi = 
{4>iA + 0is)/2 is canonically conjugate with the num- 
ber of the extra Cooper pairs on the island and the 
persistent circulating current h in the superconducting 
loop is given by Ii — 2I C iCosipiSm(n& e /$>o + 7rL/i/$o), 
where I ci = — ivEji(&xi)/&o- In the spin-1 representa- 
tion, based on charge states | f)j = \ni) and | J,)j = 
\ni + 1), the reduced Hamiltonian of the system becomes 
Eq. (1), where £i{V Xi ) = ±E ci [CiV X i/e - (2n, + 1)], and 

Eji($> Xl ,<£e,L) = Eji(^xi)(ji +i]ictipi). Here on, A, 
and ji are power series of the expansion parameter rji = 
7rL7 c i/$o, which is ~ 0.1 in our case (see the discussion 
part above). These have the same expressions as a, j3, and 
7 in Ref. |12l |. with I c and <&x there replaced by Id and 
$ e . Retained up to second-order terms in the expansion 
parameter, ~Eji(<&xi, <&e, L) = E j»($xi) cos(7r$ e /$o)£, 
with £ = 1 - \r\ 2 sin 2 (7r$ e /$o). 

[12] J.Q. You, C.-H. Lam, and H.Z. Zheng, Phys. Rev. B 63, 
180501(R) (2001). 

[13] The Hamiltonian of the two-bit circuit given in Fig. 2(b) 
is H = Hi + Hj + \L{h + Ij) 2 , where L = 
2I c i cos <fii sin[7r<l> e /$o + 7rL(L + 7j)/$o] is the persis- 
tent circulating current contributed by the Cooper-pair 
box i. Interchanging i and j in Ii gives the circulat- 
ing current Ij contributed by the Cooper-pair box j. 
In the spin-1 representation, the Hamiltonian of the 
system reduces to Eq. (2), where the intrabit coupling 
Eju and the interbit coupling are also power se- 
ries, which have the same expressions as in Ref. [T3 ] . but 
with: Li, Lj, and My replaced by L; <E>xi and $xj re- 
placed by & e ; and E° Jk by -Ejfc($xfc). Up to second-order 
terms, Eji($xi,$ e ,L) = Eji($ X i) cos(7r$ e /$ )£, with 
£ = 1 " \{nl + 37 ? |)sin 2 ( 7 r$ e /*o), and = 
— Lldlcj sin 2 (7r"I> e /<l?o). When the two qubits are far 
apart, the inductance of the wires connecting them might 
not be neglected. However, the reduced two-bit Hamil- 
tonian is still given by Eq. (2), but with Ejk and 
slightly modified. In deriving the interbit coupling n^, 
here we ignore the collective LC-oscillator mode associ- 
ated with the total charge q accumulated on the gate 
capacitors of the arrays of Cooper-pair boxes Q. When 
it is taken into account, a term (q — ^ fe 2enkXk) 2 /2Ce, 
with C E = J2k 2C j(Ck + 2Cj)/(C k + 4Cj) and X k = 
Cfc/(Cfe + 4Cj), needs to be included in the Hamiltonian. 
Fast collective oscillations in the LC circuit then yield 
an effective coupling between qubits i and j, and the ef- 
fective coupling strength |Ay| is ~ XiXj|ILj|. For typical 
values of Ck/Cj ~ 0.1, there is \k ~ 0.025. Thus, we 
have |Ay| ~ 6 x 10 — 4 |FEij | , implying that neglecting the 
LC-oscillator effect here is quite reasonable. 

[14] G. Burkard et al, Phys. Rev. B 60, 11404 (1999). 

[15] S. Lloyd, Phys. Rev. Lett. 75, 346 (1995); D. Deutsch, 
A. Barenco, and A. Ekert, Proc. R. Soc. London, Ser. A 
449, 669 (1995). 

[16] Recent measurement shows that the oscillations survive 
up to 5 ns. See Y. Nakamura, Yu. A. Pashkin, T. Ya- 
mamoto, and J.S. Tsai, Phys. Rev. Lett. 88, 047901 
(2002). 



